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Abstract. Let K be a field of characteristic zero, R = K[Xi, . . . ,X„] and 
let / be an ideal in R. Let A n (K) = K < X\ , . . . , X n , d\ , . . . , d n > be the 
n th Weyl algebra over K. By a result due to Lyubeznik the local cohomology 
modules Hj(R) are holonomic A n (K)-modules for each i > 0. In this article 
we compute the Koszul homology modules H*(d\, . . . , d n \ Ht(R)) for certain 
classes of ideals. 



Introduction 

Let K be a field of characteristic zero, R — K\X\, . . . , X n ] and let I be an ideal 
in R. For i > let H}(R) be the i th -\ocal cohomology module of R with respect 
to /. Let A n (K) = K < Xi,..., X n , d\, . . . , d n > be the n th Weyl algebra over 
K. By a result due to Lyubeznik, see [5], the local cohomology modules H\(R) are 
finitely generated A^i^-modules for each i > 0. In fact they are holonomic A n (K) 
modules. In [T] holonomic A n (K) modules are denoted as B n (K), the Bernstein 
class of left A n (K) modules. 

Let iV be a left A n (K) module. Now d = d\, . . . , d n are pairwise commuting 
if-linear maps. So we can consider the Koszul complex K(d;N). Notice that the 
homology modules if* (d; N) are in general only if- vector spaces. They are finite 
dimensional if TV € B n (K); [TJ Chapter 1, Theorem 6.1]. In particular H*(d; Hf(R)) 
are finite dimensional X-vector spaces. In this paper we compute it for a few classes 
of ideals. 

Throughout let K C L where L is an algebraically closed field. Let A n (L) be 
the affine rt-space over L. If I is an ideal in R then 

V(I) L = {a e A n (L) | /(a) = 0; for all / G /}; 

denotes the variety of I in A n (L). By Hilbert's Nullstellensatz V(I)l is always 
non-empty. We say that an ideal I in R is zero-dimensional if £(R/I) is finite and 
non-zero (here £(—) denotes length). This is equivalent to saying that V(I)l is a 
finite non-empty set. If S is a finite set then let (JS 1 denote the number of elements 
in S. Our first result is 

Theorem 1. Let I c R be a zero-dimensional ideal. Then Hi(d; Hf(R)) = for 
i > 1 and 

dim K H {d;H?(R)) =WV)l 
For (irreducible) curves in A n (L) we have the following vanishing result: 
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Theorem 2. Let P be a height n — 1 prime ideal in R. Then 

H i (d;H^- 1 (R))=Q fori>2. 

For homogeneous ideals it is best to consider their vanishing set in a projective 
case. Throughout let be the projective n — 1 space over L. We assume 

n > 2. Let 7 be a homogeneous ideal in R. Let 

V*(I) L = {a e P"" 1 ^) | /(a) = 0; for all / e J}; 

denote the variety of 7 in P n ^ 1 (L). Note that F*(7)l is a non-empty finite set if 
and only if ht(7) = n — 1. We prove 

Theorem 3. Let I C R be a height n — 1 homogeneous ideal. Then 

dimjf H (5;fl? _1 (^)) = - 1, 

dim x 77 1 (S;77 7 "- 1 ( J R)) = ttF*(7) L , 

P 4 (c);i7 / "- 1 (i?))=0/ O ri>2. 

For (irreducible) curves in P rl_1 (L) we have the following vanishing result: 

Theorem 4. Let P be a height n — 2 homogeneous prime ideal in R. Then 

Hi (d;H™- 2 (R)) = fori>3. 

Note that for any non-zero ideal Hj(R) = 0. We prove the following vanishing 
result 

Theorem 5. Let L be a non-zero ideal in R. Then H n (d; Hj(R)) = 0. 

Let M be a holonomic v4 n (TT)-module. By a result of Lyubeznik the set of 
associate primes of M as a R- module is finite. Note that the set Assr(M) has a 
natural partial order given by inclusion. We say P is a maximal isolated associate 
prime of M if P is a maximal ideal of R and also a minimal prime of M. We set 
mlso^(M) to be the set of all maximal isolated associate primes of M. We show 

Theorem 6. Let M be a holonomic A n (K)-module. Then 

dim K H (d;M) > %mlso R (M). 

We give an application of Theorem 6. Let L be an unmixed ideal of height 
< n — 2. By Grothendieck vanishing theorem and the Hartshorne-Lichtenbaum 
vanishing theorem it follows that 7f™ _1 (i?) is supported only at maximal ideals of 
R. By Theorem 6 we get 

HAsSflfl?" 1 ^) < dim K H (diHf-^R)) . 

We now describe in brief the contents of the paper. In section 1 we discuss a 
few preliminary results that we need. In section 2 we make a few computations. 
This is used in section 3 to prove Theorem 1. In section 4 we make some additional 
computations and use it in section 5 to prove Theorem 3. In section 6 we prove 
Theorem 5. In section 7 we prove Theorem 6. In section 8 we prove Theorem 2. In 
section 9 we prove Theorem 4. 
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1. Preliminaries 

In this section we discuss a few preliminary results that we need. 

1.1. Let M be a holonomic A n (K)-module. Then for i = 0, 1 the Koszul homology 
modules Hi(d n ,M) are holonomic ^4„_i(iir)-modules, see [TJ 1.6.2]. 
The following result is well-known. 

Lemma 1.2. Let d = d r , d r +\, . . . , d n and d 1 = 9 r +i, . . . , d n . Let M be a left 
A n (K) -module. For each i > there exist an exact sequence 

-> H (d r ;Hi(d'; M)) -> fli(0; M) -> ffi(d r ; M)) -> 0. 

1.3. (linear change of variables). We consider a linear change of variables. Let 
f/i, . . . , C/ n be new variables defined by 

Ui = daXt H h rf in X„ + Q for i = 1, . . . , n 

where d^, c±, . . . , c n € K are arbitrary and D = [d%j] is an invertible matrix. We 
say that the change of variables is homogeneous if c, = for all i. 

Let F = [fij] = (D~ 1 ) tr . Using the chain rule it can be easily shown that 

WT = /'15F H h Jin-^r for i = l,...,n. 

alii aXi oX n 

In particular we have that for any A n (K) module M an isomorphism of Koszul 
homologies 

f d d \ ( d d 

for all i > 0. 

1.4. Let I, J be two ideals in R with J D I and let M be a i?-module. The inclusion 
r,/(— ) C r7(— ) induces, for each i, an i?-module homomorphism 

'y u i Ml: H}(M) > H}(M). 

If L D J then we can easily see that 

(t) ey I (M)o0i J (M) = 9i J (M). 

Lemma 1.5. (with hypotheses as above) If M is a A n {K) -module then the natural 
map 9jj(M) is A n (K) -linear. 

Proof. Let / = (oi, . . . , a s ). Using (f ) we may assume that J = I+(b). Let C(a; M) 
be the Cech-complex on M with respect to a. Let C(a, b; M) be the Cech-complex 
on M with respect to a, b. Note that we have a natural short exact sequence of 
complexes of i?-modules 

-»■ C*(a; M) b [-1] -> C*(a, 6; M) -> C*(a; M) ->• 0. 

Since M is a A n (i£)-module it is easily seen that the above map is a map of com- 
plexes of A n (if)-modules. It follows that the map iT(C(a, 6; M)) -> £P(C(a; M)) 
is A„(.£r) linear. It is easy to see that this map is 9j j(M). □ 

1.6. Let a, b be ideals in R and let M be an A n (i4T)-module. Consider the Mayer- 
Vietoris sequence is a sequence of i?-modules 

-> flj+^M) Hi(M) © iP 6 (M) SSn b (M) ^> ^(M) -> .. 
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Then for all i > the maps p\ b (M) and 7r* b (M) are A n (K )-linear. 

To see this first note that since M is a A n (K )-module all the above local coho- 
mology modules are A n (if)-modules. Further note that, (see [H 15.1]), 

4 tb (M)(x,y)=0l anb (x)-ei anb (y). 

Using Lemma 1X751 it follows that p\ b (M) and ir l a b (M) are A n (X)-linear maps. 

Remark 1.7. Infact 8 l is also A n (if)-linear for all i > 0; [7]. However we will not 
use this fact in this paper. 

1.8. Let I\, . . . ,I n be proper ideals in R. Assume that they are pairwise co-maximal 
i.e., Ii + Ij = R for i ^ j. Set J = I\ ■ I2 ■ ■ ■ I n - Then for any R- module M we have 
an isomorphism of j4„(_ftT)-modules 

n 

H}(M) ^ H}. (M) for all i > 0. 

j'=i 

To prove this result note that I± and I2 ■ • • I n are co-maximal. So it suffices to 
prove the result for n = 2. In this case we use the Mayer- Vieotoris sequence of 
local cohomology, see II .61 to get an isomorphism of R- modules 

By 11.61 we also get that 7r} j- (iJ) is A n (iT)-linear. 

2. Some computations 

The goal of this section is to compute the Koszul homologies H*{d\, . . . , d n ; N) 
when N = R and when N — E the injective hull of R/(Xi, . . . ,X n ) = K. It is 
well-known that 

TP — (Jh k - 

> „ AiA2--'A n A 1 A 2 ■■■A n 
ri,...,r n >0 

Note that -E 1 has the obvious structure as a A n ( Jsf)-module with 

1 f ^ z h*=i zk. if ^ > 1. 



■XI 



Xi ■ ■ ■ XnX^ ■ ■ ■ X n n I q otherwise. 

and 

a 1 -r< - 1 



A"i ■ ■ • X n XY ■ ■ ■ Xn" X\ ■ ■ ■ XnXi 1 ■ ■ ■ X^ z+1 ■ ■ ■ Xn" 

It is convenient to introduce the following notation. For i = 1, • • • , n let R4 = 
K[Xi, . . . , Xi], m, = (Xi, . . . , Xi) and let Ei be the injective hull of Ri/m-i = K as 
a i?j-module. Set Ro = E = K. We prove 

Lemma 2.1. Ho(d n ; E n ) = E n -\ and H±(d n ;E n ) — as A n ^\{K) -modules. 

Proof. Since E n belongs to B n (K) the Bernstein class of left A n (K) modules it 
follows that Hi(d n ;E n ) (for i = 0,1) belongs to B n -i(K), the Bernstein class of 
left A n _i(if)-modules [U Chapter 1, Theorem 6.2]. We first prove Hx(d n ; E n ) = 0. 
Let t <E E n with <9„(i) = 0. Let 

t = t r — with atmost finitely many t r non-zero. 

^ n Xi ■ ■ ■ X n X 1 ■ ■ ■ A n " 
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Notice that 

9n(t) = ^ U— - — —— r„_! yr n + l 

n,...,r„>0 1 ' ' ' A "-1 A " A 1 •■■ A n-1 A " 

Comparing coefficients we get that if d n (t) = then t = 0. 

For computing Ho(d n ;E n ) we first note that as if- vector spaces 

where 

r 1 ,...,r„_i>0,r n =0 1 z "12 n-1 
Y = ffi ft- - 

ri,...,r Tl -i>0,r n >l - 1 - ^ 



For r n > 1 note that 

a, 



A1A2 • ■ ■ AjjAj A 2 • • ■ A n / A1A2 • ■ • A„Aj Sl 2 ■■■A n 

It follows that E n /d n E n — X. Furthermore notice that X = E n -\ as A„-i(K)- 
modules. Thus we get H (d n ; E n ) = E n -\- □ 

We now show that 

Lemma 2.2. For c = 1, 2, . . . , n we have, 

for i> 



Hi(d c , d c +i, ■ ■ ■ ,d n ',E n ) 



£ c _i for i = 



Proof. We prove the result by induction on t — n — c. For t = it is just the 
Lemma |2"7T1 Let t > 1 and assume the result for i — 1. Let d = d c , <9 c +i, ■ ■ ■ ,d n and 
9' = c +i, • • • > 9 n . For each i > there exist an exact sequence 

-> H (9 C ; ^(0'; -> JT,(0; £ n ) -> fl^; £„)) -> 0. 

By induction hypothesis Hi(d';E n ) = for i > 1. Thus for i > 2 we have 
Hi(d;E n ) = 0. Also note that by induction hypothesis Ho(d';E n ) = E c . So 
we have 

Hxid; E n ) = Hi(d c ; E c ) = by LemmaO 
Finally again by Lemma |2. II we have 

H {d;E n ) = H {d c ;E c ) = E c _ 1 . 

□ 

As a corollary to the above result we have 

Theorem 2.3. Let d = dt, . . . , d n . Then Hi(d; E n ) = for i > and flo(d; J5 n ) = 
K. □ 

We now compute the Koszul homology -ff*(9; R). We first prove 

Lemma 2.4. H (d n ;R n ) = and Hi(d n ;R n ) = Rn-i 

Proof. This is just calculus. □ 
The proof of the following result is similar to the proof of [ 



6 



TONY J. PUTHENPURAKAL 



Lemma 2.5. For c = 1, 2, • • • , n we have, 

it ta a » D^ J° for i = 0,1,- ■■ ,n - c 

tii[(Jc, Oc+i, ■ ■ ■ , o n ; K n ) — < 

I R c ~i for i — n — c + 1 

□ 

As a corollary to the above result we have 

Theorem 2.6. Let d = d%, . . . ,d n . Then Hi(d; R n ) — for i < n and H n (d; R n ) = 
K. □ 

3. Proof of Theorem 1 

In this section we prove Theorem 1. Throughout K C L where L is an alge- 
braically closed field. We first prove: 

Lemma 3.1. Let m = (Xi — ai, • • • , X n — a n ), where a\, . . . , a n € K , be a maximal 
ideal inR= K[X U . . . ,X n ]. Let d = d x ,...,d n . Then Hi(d;H™(R)) = for i > 
and H (d; H£(R)) = K. 

Proof. Let Ui = Xi — a,i for i = 1, . . . , n. Then bv ll.3l 

( d d \ ( d d 

Hi [mh'"' 'diT n ]H:m ) ~ Hi [axl'"' 'dx- n ]Hl{R) 

for all i > 0. Thus we may assume a\ —02 = ■ ■ ■ = a n = 0. Finally note that 
= E the injective hull of R/m = K. So our result follows from Theorem 
[231 □ 



We now give a proof of Theorem 1. 
Proof of Theorem 1. Notice 

A n (L) = A n (K) ® K L 
and S = L[X X , ■ ■ ■ ,X n ] = R® K L. 

So A n (L) and S are faithfully flat extensions of A n (K) and R respectively. It 
follows that 

Hi (d; H? S (S)) = Hi (d; H\\R)) ® K L for all i > 0. 

Thus we may as well assume that K — L is algebraically closed. Since / is zero- 
dimensional we have 

= mi n rri2 n • • • D m r , 
where mi, ... , m r are distinct maximal ideals and r — ^V(I)l, the number of points 
in V(I)l- Bv ll.81 we have an isomorphism of yl„(A")-modules 

r 

H}(R)=($Hi t (R) for all 3 > 0. 

i=Q 

In particular we have that 

r 

H J (d;H?(R))=($H J (d;H^(R)). 

i=0 

Since K is algebraically closed each maximal ideal m in R is of the form (X\ — 
a±, . . . , X n — a n ). The result follows from Lemma |3. II □ 
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4. SOME COMPUTATIONS-II 

Let R = K[Xi, . . . , X n ] and let P = (X\, . . . , X n -i). The goal of this section is 
to compute H^d; H^ 1 (R)) for all i > 0. 

As before it is convenient to introduce the following notation. For i = 1, • • • , n 
let Ri — K[Xi, . . . , Xi], mi — (Xi, . , . ,Xi) and let Ei be the injective hull of 
Ri/ttii = K as a i?;-module. 

Notice that R n -i C R n is a faithfully flat extension. So 

Rn H l mn i {R n ^) £* H^_ iRri (R n ) for all t > 0. 

Thus 

K^R^Rn) = E n -l[X n ] = ® 

We first prove the following: 
Lemma 4.1. #i(<9„; £' n _i[X n ]) = E^-i and H (9„; £„_i [X n ]) = 0. 
Proof. Let u e £7 n _i[Jf„]j-. So 

£ x^j 

^ v v v'fi v r »-i ' ™ 

for some c £ K and n, . . . , r„_i > 0. Notice that 



-•^r 1 ifj>i, 



lO if J = 0. 

It follows that Hx(d n ; E n _i[X n ]) = E n -\. 

Let v <E E n _i[X n ]j be a homogeneous element. So 

„ = °— — . Xi 

for some c £ K and n, . . . , r n -i > 0. Let 

u = _J 1 X i +1 

j + i x 1 ...x n - 1 x?...xzr 1 1 * ■ 

Notice that d n (u) — v. Thus it follows that H (d n ; E n -\[X n \) = 0. □ 

Next we prove 
Lemma 4.2. For c = 1,2, ... ,n we have, 

'o /ori 7^1 



Hi[d c , d c +i, ■ • ■ ,d n ; E n -i{X n ]) 



E c -i for i = 1. 



Proof. We prove the result by induction on t — n — c. For t = it is just the 
Lemma |4~T1 Let t > 1 and assume the result for i — 1. Let d — d c , d c +i, ■ . . , d n and 
9' = <9 c +i, . . . , d n - For each i > we have an exact sequence 

-> Fo^;^^';^.!^])) -> -> flj^; iT;-^'; E^_i[X n ])) -> 0. 

So i?i(<9; J5 n _i[X„]) = for i > 3 and for i = 0. Notice that 
H 2 {d;E n _i[X n ]) = Hi(d c -iHx{&-,E n -.x[X n ])) 

= Hi(d c ; E c ); (by induction hypothesis). 

= 0; by Lemma H2TT1 
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Similarly we have 

H^d; E n ^[X n ]) = H {d c ;H 1 {d';E n _ 1 [X n ])) 

= H (d c ; E c ); (by induction hypothesis). 
= E c -i] by Lemrna l2.ll 



□ 



As a corollary we obtain 

Theorem 4.3. Let R = K[Xi,...,X n ] and let P = (Xi, . . . , X n - X ). Let d = 
d\ , . . . , d n . Then 

I K for i = l. 

5. Proof of Theorem 3 

In this section we prove Theorem 3. Throughout K C L where L is an alge- 
braically closed field. We first prove: 

Lemma 5.1. Let Q = {X\ — a\X ni • • • , X n -\ — a n —\X n ), where eii, . . . , a„_i € K , 
be a homogeneous prime ideal in Li = K \X\ , . . . , X n ] . Let d = d\ , . . . , d n . Then 
Hi(d; Hq^ 1 (R)) =0fori^l and H^d; H^ 1 (R)) = K. 

Proof. Let Ui = X% — a,iX n for i — 1, . . . ,n — 1 and let U n = X n . Then bv ll.3l 

Hi {A' " ' ^k' ,K(R) ) ~ Hi ' ' " ' ^ K(R) 

for all i > 0. Thus we may assume a\ = 02 = ■ ■ ■ = a n —l — 0- The result follows 
from Theorem 14.31 □ 



We now give a proof of Theorem 3. 

Proof of Theorem 3. As shown in the proof of Theorem 1 we may assume that 
K = L is algebraically closed. We take X n = to be the hyperplane at infinity. 
After a homogeneous linear change of variables we may assume that there are no 
zero's of V{L) in the hyperplane X n = 0; see ll.3l Thus 

V7 = Qi n Q 2 n ■ ■ • n Q r 

where r = |tV(I) and Q % = (Xi - anX n , • • • , I„-i - a^ n -\X n ) for i = 1, . . . , r. 

We first note that Hf(R) — 0. This can be easily proved by induction on r and 
using the Mayer- Vieotoris sequence. 

We prove the result by induction on r. For r — 1 the result follows from Lemma 
15.11 So assume r > 2 and that the result holds for r — 1. Set J = Q\ fl • • • PI Q r -x- 
Then \fl = JC\Q r . Notice that y/Q r + J = m = . . . By Mayer- Vieotoris 

sequence and the fact that Hq t {R) = Hj{R) =0we get an exact sequence of R- 
modules 

-> flr^Qflg; 1 ^) ^ H^(R) -> 0. 

By 11.61 a is A n (if) linear. Set C = cokera. So we have an exact sequence of 
A n (K )-modules 

0^ H]- 1 {R)^H r ^ 1 (R) A H^iR) -> 0. 

Claim: C = H™(R) as A„(Jf)-modules. 
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First suppose the claim is true. Then note that the result follows from induction 
hypothesis and Lemma's 13.11 15.11 

It remains to prove the claim. Note that C = H™(R) as i?-modules. In particular 

socr(C) = Rom R {R/m,C) Rom R (R/m, H£(R)) = K. 

Let e be a non-zero element of soc R (C). Consider the map 

0: A n {K)^C 
d i y de. 

Clearly <j> is A n (K)-\mea.r. Since 4>(A n (K)m) = 0we get an A n (K )-linear map 

V A n (K)m 

Note that A n (K)/A n (K)m S H™(R) as A n (ir)-modules. 

To prove that <f> is an isomorphism, note that <fi is i?-linear. Since <p induces 
an isomprhism on socles we get that <p is injective. As H™(R) is an injective R- 
module and <f> is injective R- linear map we have that C = image <f> © coker <j> as 
i?-modules. Set N = coker <j>. Note that socr(N) = 0. Also note that as -R-module 
C is supported only at m. So N is supported only at m. Since socr(N) = wc 
get that N = 0. So <j> is surjective. Thus <j> is an A n (K)-\me&r isomorphism of 
A n (K)-modu\es. □ 



6. Proof of Theorem 5 
In this section we prove Theorem 5. We first prove 

Lemma 6.1. Let f be a non-constant squarefree polynomial in R — K[Xi, . . . , X n ] . 
Letd = di,...,d n . Then H n {d\ Rf) = K. 

Proof. Note that 

H n (d; R f ) = {v g R f \ div = for alH = 1, . . . , n}. 

Clearly if v G Rf is a constant then diV = for alH = 1, . . . , n. By a linear change 
in variables we may assume that / = X% + lower terms in X n . Note that by 11.31 
the Koszul homology does not change. 

Suppose if possible there exists a non-constant v = a/f r G H n (d;Rf) where / 
does not divide a if r > 1. Note that if r = then v G H n (d; R) = K. So v is a 
constant. So assume r > 1. Since 9„(u) = we get fd n (a) = rad n (f). 

Since / is squarefree we have / = /i • • • / m where fi are distinct irreducible 
polynomials. As / is monic in X n we have that fa is monic in X n for each i. 

Since fd n (a) — rad n (f) we have that fi divides ad n (f) for each i. Note that if 
/, divides d n {f) then /, divides fx ■ ■ ■ /i_i9„(/j) • /j+i • • • /,„. Therefore / 4 divides 
dn(fi) which is easily seen to be a contradiction since fi is monic in X n . Thus fi 
divides a for each i = 1, . . . ,m. Therefore / divides a, which is a contradiction. 
Thus H n (d; Rf) only consists of constants. □ 

We now give a proof of Theorem 5. 

Proof of Theorem 5. We prove the result by induction on number of generators of 
I. We first consider the case when I = (/) is a principal ideal. Since we are taking 
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local cohomology we may assume that I is radical ideal; so / is squarefree. We 
have an exact sequence 

0^ R f Hj{R)^0. 

Notice H„(d,R) = H n (d;R f ) = K and H n -x(d,R) = (see Theorem EU and 
LemmaEI]). So we get H„(d,Hj(R)) = 0. 

Let s > 2 and assume the result holds if I is generated by s — 1 elements. Let 
I = (fx, . . . , f s ). Let J = (fx, ■ ■ ■ , fs-i)- By Mayer- Vieotoris we have an exact 
sequence of P-modules 

o -> ffKE) ff}(fl)©4 /a) (ie) A iJ} /s (i?). 

By El] the above sequence is a sequence of A n (Jl')-modules. Let C = image a. So 
we have an exact sequence of A n (K) -modules 

-> ffi(JJ) -> ff}(JJ) H(f 3 )(R) -^C^O. 

The long exact sequence of Koszul homology and the induction hypothesis yields 
the result. □ 

7. proof of Theorem 6 

In this section we prove Theorem 6. 

7.1. Let A be a Noetherian ring, / an ideal in A and let M be an A- module, not 
necessarily finitely generated. Set 

Ti(M) = {m e M | I s m = for some s > 0}. 

The following result is well-known. For lack of a suitable reference we give sketch 
of a proof here. When M is finitely generated, for a proof of the following result 
see [31 Proposition 3.13]. 

Lemma 7.2. [with hyotheses as above] 

AsSA t7(m) ={Pe AsSA M 1 p ^ ^ 

Proof, (sketch) Note that if P € AssaT/(M) then P D I. It follows that if P £ 
Ass A M and P ^ J then P G Ass A M/r/(M). 

It can be easily verified that if P G Assa M/T[(M) then P ^ I. Also note that 
if P ^ / then r/(M)p = 0. Thus 

The result follows. □ 
We now give 

Proof of Theorem 6. First consider the case when K is algebraically closed. Set 
Ass A (M) = mIso fl (M) U ( (J V(Pi) n Ass^(M) ] . 



\j=i 



Here Pi, . . . , P s are minimal primes of M which are not maximal ideals. 
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Set I = PiP 2 • ■ • P a . Note that Ti(M) is a A n (AT)-submodule of M. Set N = 
M/Ti(M). By Lemma E2 we get that 

Ass fl N = {P € Ass fi M I P ^ /} 
= mlso(M). 

Let mlso(M) = {mi , . . . , m r }. Set J = mirri2 • • • m r . Since tUi, . . . , m r are comaxi- 
mal we get bv ll.Sl that as A n (K )-modules 

Tj(N)=r mi (N) &■■■($ T mr (N). 

Set E = N/Tj(N). By LemmaOwe get that Ass R E = 0. So E = 0. Thus 

A = r mi (A0©---©r mr (A). 

Note that 

r m< (N) = EaiR/mi)" = (-^) s * for some Sl > 1. 

Since K is algebraiclly closed we have that for each i = 1, . . . , r the maximal ideal 
rrii = {X\ — an, . . . , X n — a,i n ) for some a,j € iiT. It follows from Lemma 3.1 that 

Hi(d;N) =0 for i > 1 

r 

dim K ffo(9;iV) = X] s i- 
i=i 

The exact sequence — > Ti(M) —> M — > — >• yields an exact sequence of Koszul 
homologies 

->■ H (5; T 7 (M)) H (d; M) ff (9; A r ) ->■ 0; 

since Hi(d;N) = 0. The result follows. So we have proved the result when K is 
algebraically closed. 

Now consider the case when K is not algebraically closed. Let L = K the 
algebraic closure of K. Note that S = L[Xi, . . . ,X n ] = R ®k L and A n (L) = 
A n (K) <S>x L. Further notice that M (E>k L is a holonomic j4„(L)-module. Also 
note that M ® R S = M <gi K L. 

Claim- 1 : tJmIso s (A/ ® R S) > tjmIso fl (M). 

We assume the claim for the moment. Note that Ho(d, M) <E>k L = Hq(8, M(S>k 
L). So 

dim/< H (d, M) = dim L H (d, M ®kL)>$ mIso s (M ® R S) > ft mlsoji(Af). 

The result follows. 

It remains to prove Claim- 1. By Theorem 23.2 (ii) of [B] we have 

(t) Ass s (M ® fl S)= |J Ass s 

PEAssr(M) 

Suppose m is an isolated maximal prime of M. Notice S/mS has finite length. It 
follows that 

VmS = mi n vci2 n • • • n m r ; 

for some maximal ideals mi, rri2, • • • , m r of S. 
Claim-2 : mi,rri2, • • • , m r 6 mIsos(M(g)fl S). 
Note that Claim-2 implies Claim- 1. It remains to prove Claim-2. 
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Suppose if possible some trii ^ mIsos(M (gifl S). Then there exist Q $ trti and 
Q G Asss(M (gifl S 1 ). Note that Q is not a maximal ideal in S*. By (f ) we have that 

Q e Ass s (^j^J for some p e Ass fl (M). 

Notice that as Q is not a maximal ideal in 5 we have that P is not a maximal ideal 
in R. Also note that by Theorem 23.2(i) of [5] we have 

P = Qni?Cm 4 ni? = m. 

Thus m is not an isolated maximal prime of M, a contradiction. □ 

An application of Theorem 5 is the following result: 

Corollary 7.3. Let I be an ideal of height < n — 2 in R. Then 

ttABSflfl?- 1 ^) < dim K H {d,H?-\R)) . 

Proof. We first show that M = is supported only at maximal ideals of 

R. As M is /-torsion it follows that any P 6 Supp(M) contains /. 

We first show that if htP < n- 2 then P £ Supp(M). Note M P = H™ R l{R P ) = 
by Grothendieck vanishing theorem as dim Rp = ht P < n — 2. So P ^ Supp(M) . 

Next we prove that ht P = n — 1 then P ^ Supp(M). Let Rp be the completion 
of Rp with respect to its maximal ideal. Note Mp ®r p Rp = H n ^l(Rp) — by 

Hartshorne-Lichtenbaum Vanishing theorem as IRp is not Pi?p-primary. As Rp 
is a faithfully flat Rp algebra we have Mp = 0. 

Thus M is supported at only maximal ideals of R. It follows that Assa(M) = 
mlsop(M). The result now follows from Theorem 5. □ 



8. proof of Theorem 2 

In this section we prove Theorem 2. Set R n ~i — K[X\, . . . , Jf n _i]. 

We begin by the following result on vanishing (and non-vanishing) of Koszul 
homology of a simple A n (K)-module. If M is a simple A n (K )-module then it is 
well-known that Ass^(M) consists of a singleton set. 

Theorem 8.1. Let M be a simple A n (K) -module and assume Assp(M) = {P}. 
Set Q = P n Rn-i. Then 

H a (d n ;M) = Q =^ P = QR, 
H 1 (d n ;M)^0 => P = QR. 

To prove the above theorem we need a criterion for an ideal I to be equal to 
(I n R n -i)R. This is provided by the following: 

Lemma 8.2. Let I be an ideal in R. Set J = I n R n -i- Then the following are 
equivalent: 

(1) d n (I) C /. 

(2) L = JR. 

(3) Let £ G I. Let £ = X)j=o c j^n where Cj € i? n -i /or j = 0, . . . , m. Then cj g / 
for each j . 
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Proof. We first prove (1) (3). Let £ G I. Let £ = £J1 c 3 X l where c j € #n-l 

for j = 0, ... , m. Notice <9™(£) = m!c m . So c m G J. Thus £ — c m X™ G 7. Iterating 
we obtain that Cj G 7 for all j. 

Notice that (3) => (1) is trivial. We now show (3) (2). Let £ G 7. Let 

£ = SJLo c i^n where Cj G R n —i f° r i = 0, . . . , m. By hypothesis Cj G J for each 
j. Notice Cj G J n P„-i = J. Thus 7 C JR. The assertion JP C I is trivial. So 
/ = JR. 

Finally we prove that (2) =>• (3). If b e J and r G P then notice that if 
6r = X)j=o c j^n where Cj G P n -i for j = 0, . . . , m then each Cj G J. As I = JR 
each £ G I is a finite sum b\r\ + • • • + b s r s where bi G J and 7*j G R. The assertion 
follows. □ 



The following corollary is useful. 

Corollary 8.3. Let P be a prime ideal in R and let I be an ideal in R with \fl = P. 
Ifd n (I) C I then P = (PnRn-i)R. 

Proof. Set Q = Pn P„_i. Let £ G P. Let £ = J2jL c j x i where c j e P„_i 
for j = 0, . . . , m. Notice £ s G 7 for some s > 1. Also £ s = c^,X* m + .. lower 
terms in X n . By Lemma [8.21 we get that G I. It follows that c m G P. Thus 
£ — CmX™ G P. Iterating we obtain that Cj G P for all j. So by Lemma I&21 we get 
that P = QR. □ 



We now give 



Proof of Theorem[KJ[ First suppose H (d n , M) = 0. Let a G M with P = (0: a). 
Say d n b = a. Set 7= (0: 6). 

We first claim that / CP. Let £ G I 2 . Notice <9„£ = £<9„ + d n (Q. Also note 
that d„(£) G I. Thus we have that d n £b = £a + 9„(£)&. Thus £a = 0. So £ G P. 
Thus I 2 C P. As P is a prime ideal we get that I C P. 

Next we claim that <9„(7) C /. Let £ G 7. We have £^£6 = £a + <9„(£)6. So 
d„(£)6 = 0. Thusd„(£)G/. 

Since M is simple we have that M = j4. n (Jif)a. So 6 = da for some c? G A n (K). 
It can be easily verified that there exists s > 1 with P s c? C A n (K)P. It follows 
that P s C 7. Thus V7 = P. The result follows from [531 

Next suppose Hi(d n ;P) ^ 0. Say a G ker$ n is non-zero. Set J = (0: a). Let 
£ G J. Notice <9„£a = £<9„a + d n (g)a. Thus 0„(£> = 0. Thus d n (J) C J. 

By hypothesis M is simple and Ass^(M) = {P}. Now Fp(M) is a non-zero 
A n (7Q-submodule of M. As M is simple we have that M = T P (M). Thus P s a = 
for some s > 1. Thus P s C J. Also note that for any P-module E the maximal 
elements in the set {(0 : e) | e ^ 0} are associate primes of E. Thus J = (0 : a) C P. 
Therefore \/j = P. The result follows from 18.31 □ 

We now extend Lemma 18.21 and Corollary 18.31 

Lemma 8.4. Let 7 be an ideal in R. Set R c = K[Xi, . . . ,X C ] and J — I n Re- 
Then the following are equivalent: 

(1) d j (I)QI,forj = c+l,...,n. 

(2) 7 = JR. 
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Proof. We first prove that (2) => (1). Let £, £ I. Since I — JR we have that 
£ = ^2 r vK+i ■ ■ ■ X n" whcrc r v £ J for all v. 

V 

It follows that dj (I) CI, for j = c + 1, . . . , n. 

For the converse set Ri = K\X\, . . . , Xj\ and Jj = 7 fl Ri for i = c, . . . , n — 1. 
Since 9 n (7) C 7, by Lemma [8.21 we have that 7 = J„_i77. Since <3 n _i(7) C 7 we 
have that 9 n _i(J n _i) C J n —\. So again bv !8.2l we have that J n _i = J n -iRn-\- In 
particular we have that 7 = J„^2-R- Iterating this procedure we get the required 
result i.e., 7 = JR. □ 

Corollary 8.5. Let P be a prime ideal in R and let I be an ideal in R with \fl = P. 
Set R c = K[X 1} ...,X C ] andQ = P D R c . If d 3 (I) C I, for j = c + 1, . . . , n. then 
P = QR. 

Proof. Bv l8.3l we get that P = (PdR'^R for i = c+1, . . . , n where R[ = polynomial 
ring over K in the variables {Xi, . . . , X n } \ {Xi}. By 18.21 we have that di(P) C P 
for i = c + 1, . . . , n. The result follows from 18.41 □ 

Corollary 8.6. Let I be a non-zero ideal in R. Also assume I ^ 77. Then there 
exists i such that di(I) 7. 

Proof. Suppose if possible 9i(7) C 7 for all i = 1, . . . , n. Let J = 7 PI K. Then by 
Lemma 18.41 we get that 7 = J77. It follows that 7 = or 77, a contradiction. □ 

Remark 8.7. Let P be a prime ideal in 77. Set Q = P n R n -i- Then it can be 
easily seen that 

ht fl P - 1 < ht Rn _ 1 Q < ht fl P. 
Furthermore ht^ n _ 1 Q = ht/j P if and only if P = QR. 

Remark 8.8. Let M be a holonomic A n (TT)-module. Assume M is 7-torsion. Set 
J = 7n R n -i- Then for i = 0, 1 the Koszul homology modules 77j(9„,M) are 
J-torsion holonomic A n _i(TQ-modules. For holonomicity see 18.81 Also note the 
sequence 

->■ H x (d n ,M) ->■ M ^> M 77 (9 n , A7) 
is an exact sequence of A n _i(7C)-modules. It follows that Hi(d n ,M) are J-torsion 
for i = 0, 1. 

The following result is an essential ingredient in the proof of Theorem 2. Let us 
recall that a holonomic A„ (TC)-module M has a composition series, see [TJ 1.5.3] . 
We denote lenght of M as an A„(7l')-module by £^ik;){M). 

Proposition 8.9. Let P be a height n — 1 prime in 77. Let M be a non-zero 
holonomic A n {K) -module. Assume M is P-torsion. Set Q = P l~l R n -i- Assume 
P^QR. Then 

(1) 77!(9„;A7) =0. 

(2) l An ^(K) (H (d n ;M)) > e An(K) (M). 

(3) H(j{d n ]M) is Q -torsion. 

Proof. Let c = £^ n nn(A7). So we have a composition series 

= Vo C Vi C Va C • • • C V c = M. 
For i = 1, . . . , c, Ni = Vi/Vi-i are simple holonomic A n (K)- modules. 
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Fix i. Let Assn(Ni) = {Wi}. As iV, is a subquotient of M we get that Ni is 
P-torsion. So Wi 2 -P< Thus cither Wi = P or Wi is a maximal ideal of R. If 
Wi = P then by hypothesis Wi 7^ (Wi n R n -i)R. If Wi is a maximal ideal of R 
then by Remark [Pit follows that W l 7^ (Wi n R n -i)R- Thus by Theorem l8Tl we 
get that 

(*) H 1 (d n ;N i ) = and H (d n ; Ni) ? 0. 

(1) and (2): We first note that we have an exact sequence 

-> Vi -> V 2 -> N 2 -> 0. 
Notice Vi=N x . By (*) we get 

H 1 {d n ;V 2 ) = Q and t An _ l{K) (H (d n ; V 2 )) > 2. 
An easy induction yields 

fli($,;M)=0 and (Jf) (P (9 n ; M)) > c. 

(3) By [EH H (d n ,M) is Q-torsion. □ 
Theorem 2 is an easy corollary of the following more general result: 

Theorem 8.10. Let P be a height n — 1 prime in R with n > 2. Let M be a 

non-zero P-torsion holonomic A n (K) -module. Then 

H j (d;M)=0, forj>2. 

Proof. Set M n = M and P„ = P. Also set R l = K[X\, . . . , X t ]. By Proposition 
18. 6( di(P n ) P n for some i. After relabeling we may assume i = n. Set P„_i = 
PHRn-L As 9„(P„) $£ P„, by [Owe get P„ 7^ P„_iP. By Proposition El we 
have that 

#!(£>„; Af„) = and ff (d n ;M„)^0. 

Set M n -\ = Ho{d n ,M n ) a holonomic J 4„_i(_R')-module. Also M„_i is P„_i- 
torsion. By remark l8?7l we get that htP„_i = n — 2 since P„ 7^ P n -\R n . 

If n — 2 > 1 then we repeat the process of the previous paragraph. So after a 
possible relabeling we have 

ffi($,_i;M n _i) = and ff (d„_i; Af B _i) ^ 0. 

Therefore by Lemma fOl we get that 

H i (d n - 1 ,d n ;M n )=0foii>l, 

H (d n ^,d n ;M n ) = H (a„-i,M„_i) 7^ 0. 

Set M„„2 = ffo(9„_i;M n _i) = i? (d„_i, S n ; M„) and P n _ 2 = P1-1 n P„_2- 

We iterate this process to obtain (after relabeling) a non-zero holonomic Ai(K) 

module Mi = H (d 2 , ■ ■ ■ , d n ;M n ). We also get Hi(d 2 , ■ ■ ■ , d n ; M n ) = for i > 1. 
Note that P\ has height 0, so Pi = 0. Thus our process ends. Trivially we 

have that fl;(di,Mi) = for i > 2. So by Lemma Q we have Hi(d,M) = for 

i > 2. □ 

We now give 

Proo/ 0/ Theorem 2. Note that M = Hp~ 1 (R) is a holonomic A„(iT)-module. Also 
note that Mp = Hpp^Rp) is non-zero by Grothendieck non-vanishing theorem. 
So M 7^ 0. Clearly M is P-torsion. Thus by Theorem l8T0l we get that Hi(d, M) = 
for i > 2. □ 
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9. proof of Theorem 4 

In this section we prove Theorem 4. We need some preliminaries on graded 
A n (K)-modu\es. 

9.1. We first note that A n (K) has a natural structure of a Z-graded ring. For each 
i = 1, . . . , n we give the variables Xi degree 1 and di degree —1. The ring R with the 
usual grading is clearly a graded A n (K)-module. If M is a Z-graded A„(_f£T)-module 
and / S R is homogeneous then Mf is clearly a graded A n (K)-modu\e. Further 
note that if /, g are homogeneous elements in R then the natural map Mf — > M f g 
is a homogeneous map(of degree 0) of graded A n (K)-modules. 

9.2. Let / be a homogeneous ideal in R. We choose a homogeneous generating 
set (/i, ...,f r ) of /. By computing the local cohomology modules Hj(R) via the 
Cech-complex it follows that H}(R) are graded A n (K) -modules for alH > 0. 

9.3. The inclusion R C A n (K) is an inclusion of graded rings. Thus every graded 
A n (K )-module M is a graded i?-module. Let S = K\d\, . . . , d n ]. For each i = 
1, . . . , n we give 9^ degree —1. Then S 1 is also a graded subring of A n (i^). It follows 
that if M is a graded A„( if) -module then each Koszul homology module Hi(d, M) 
is a graded K- vector space. More generally Hi(d c+ i 7 . . . , d n , M) is a graded A C (K)- 
module for each i > 0. 

Definition 9.4. A non-zero graded A n (K)-modu\e M is said to be "-simple if it 
has no proper graded submodules. 

Example 9.5. Let m = (Xx, ■ ■ ■ , X n ). Let E be the injective hull of k = R/m as 
a i?-module. Then it is well-known that E is a graded A n (K)-modu\e. It is also 
well-known that E is a simple A n (K)-modu\e. So E is a *-simple A n (K)-modu\e. 

Remark 9.6. I do not know o an example of a *-simple A n (K )-module which is 
not simple(in the absolute sense). 

Proposition 9.7. Let M be a * -simple A n (K) -module. Then Assr(M) = {P} for 
some homogeneous prime ideal P in R. Furthermore M = Tp(M). 

Proof. As M is a graded i?-module all its associated primes are homogeneous, see 
[H 1.5.6]. Let P be a maximal element in Ass R M. Set N = T P (M). Then note 
that N ^ 0, An(K) submodule of M and Ass R (N) = {P}. It is also clear that N 
is a graded ^4 ra (i4T)-module. As M is *-simple we have N = M. □ 

We now give a graded version of Theorem 18.11 

Theorem 9.8. Let M be a * -simple A n {K)-module and assume Ass^(Af) = {P}. 
Set Q =Pr\Rn-x- Then 

H o (d n ;M) = =^ P = QR, 
Hx(d n ;M)^0 =► P = QR. 

The proof is analogus to the proof of Theorem 18. II So we will only give a sketch 
of a proof. 

Proof. First suppose Ho(d n ;M) = 0. By 19.71 P is a homogeneous prime. By [2j 
1.5.6] P = (0: a) for some homogeneous element a in M. The rest of the proof is 
nearly identical to that of Theorem 18. II The only thing to note that M — A n (K)a 
as M is ""-simple and a is homogeneous. 
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Next suppose H\(d n \M) = 0. The proof in this case early identical to that of 
Theorem 18. II The only thing to note that M = Tp(M), since Tp(M) is a non-zero 
graded submodule of M and M is "-simple. □ 

The following Proposition is a "*" -version of existence of a composition series of 
a module. 

Proposition 9.9. Let M be a non-zero holonomic A n (K) -module. Assume that M 
is graded as a A n (K) -module. Then there exists a filtration of graded submodules 

= V C V x C V 2 £ • • • C V c = M, 

such that for i — 1, . . . , c the module Vi/Vi-i is * -simple. 

Proof. (Sketch) Note that M is Artinan and Noetherian as a A n (if)-module. Let 

C = {N | N is a non-zero graded submodule of M}. 

The set C is non-empty and as M is Artin it has a minimal element, say V±. Clearly 
V\ is * -simple. 

If Vi = M then stop. Otherwise consider M/Vi and repeat the process. 

The process ends since M is Noetherian as a A n (K)-modu\e. □ 

9.10. For i = 1, • • • , n let B4 = K[X U . . . , A 4 ], m t = {X x , . . . , X { ) and let E l be 
the injective hull of Ri/mi = K as a i?i-module. Set Rq = Eq = K. 

The following Proposition is an essential ingredient in the proof of Theorem 4. 

Proposition 9.11. Let P be a height n — 2 prime in R. Let M be a graded 
holonomic A n {K)-module. Assume M is P -torsion and P 7^ QR. Then 

(1) Hi(d n ; M) is a graded holonomic A n -\(K) -module for i = 0, 1. 

(2) H (d n ;M) is Q -torsion. 

(3) Hi(d n ;M) is m n -i-torsion. 

(4) Hi(d n ;M) = or H (d n ; M) = 0° =1 B„_i(-aj) as graded A n _i (K)-modules. 

Proof. (1) This follows from O and 131 

(2) This follows from 1H 

(3) Let = Vo C V\ C • • • C V c = M be a filtration of M by graded submodules 
with Ni — VijVi-x *-simplc for % = 1, . . . , c. 

Fix i. Let Ass^ iVj = {Wi}. Bv l9.7[ Wi is a homogeneous prime ideal in R. As 
TVi is a subquotient of M, we get that Ni is P-torsion. So Wi 3 P. Thus Wi = P 
or Wj is a height n — 1 homogeneous prime in i? or W, = Tn„ . 

Fix i. If Wi = P then by hypothesis Wi ^ {Wi n R n -i)R n . If = m„ then 
clearly Wi 7^ (Wi fl R n -\)R n . If Wi is a height n — 1 homogeneous prime ideal in 
R with Wi = (Wi fl R n -i)R n , then note that Wi n i? n -i is a graded prime ideal of 
Rn-i with height n — 1, see Remark [57fl So Wi n i?„-i = m n -i- So Wi = m„_ii?. 
Conversely if W, 7^ (W n R n -i)R n then W, = (W n R n ^)R n . 

Fix i Note that Hi(d n ; N) = if W, 7^ mn-ii?, see Ell If W, = m„_ii? then 
as N is m„_ii?-torsion we get that Hi(d n ; N) is m„_i-torsion. Thus in any case 
Hi(d n ;Ni) is m„_i-torsion. 

We prove that Hi(d n ; Vi) is m„_i-torsion by induction on i. For i = 1, Vi = Ai. 
So Hi(d n ; Vi) is Tn„_i-torsion. If we assume that Hi(d n ; Vi-i) is Tn„_i-torsion then 
using the exact sequence 

-> -> K t -> iV, -> 0, 
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we get an exact sequence 

It follows that i?i(9 n ,Vi) is m„_i-torsion. 

(4) This is well-known. □ 

Theorem 4 is a corollary of the following more general result: 

Theorem 9.12. Let P be a height n — 2 homogeneous prime in R with n > 3. Let 
M be a non-zero P -torsion graded holonomic A n (K) -module. Then 

Hi(d;M) = 0, fori>3. 

Proof. Set M n = M and P n = P. By Corollary MM di(P n ) P n for some i. After 
relabeling we may assume i = n. Set P n -x = P n H R n -i- Notice P n ^ P n -\R. 
So by Proposition 19. Ill M n _i = Ho(d n ;M n ) is a graded holonomic P„_i-torsion 
A„_i-module and L n -i = H\(d n ; M n is zero or some copies of E n -i- 

By remark [8771 htP„_i = n — 3. If n = 3 then stop. Otherwise continue the 
process. After relabeling we may assume <9„_i(P n _i) ^ P n -i- Notice P n ^ P„_iP. 
So by Proposition 19.111 M' n _ 2 = H (d n ; M n _i) is graded holonomic P n _ 2 -torsion 
A„_ 2 -niodule and L' n _ l = H 1 {d n ; M n _i) is zero or some copies of E n _ 2 . 

Note that M n _ 2 = H Q {d n ^d n ;M n ) = H {d n ;M n _ x ). By Owe have 
i?x(9 n _!;E n _i) = and H (d n ^x; £ n _i) = P„- 2 - It follows that 
H 2 (d n - 1 ,d n ;M n ) = 0. Set L„_ 2 = Hi(d n -i,d n ; M n ). By Owe have an exact 
sequence 

-> ff (9 n _i; i n _i) i„_ 2 P^-i 0. 
It follows that L n —2 is zero or some copies of S n _ 2- 

We iterate this process to obtain (after relabeling) M 2 = H (d3, . . . ,d n ;M n ) a 
graded holonomic A 2 (-ftT)-module. Also L 2 = H\{dz,... ,d n ;M n ) is zero or some 
copies of E 2 . Furthermore Pi(c?3, . . . , d n ; M n ) — for i > 2. Since P2 is a height 
prime in P2, it is zero. So our process ends. 

Clearly H i (d 1 ,d 2 ; M 2 ) = for i > 3. By EH H t {d!,d 2 ;L 2 ) = for i > 1. It 
follows that Hi(di, . . . , <9„; M n ) is zero for i > 3. □ 

We now give 

Proof 0/ Theorem 4. H^~ 2 {R) is a graded holonomic A n (-K')-m.odule. It is also 
P-torsion. The result follows from Theorem l9.12l □ 
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